Abstract. In this paper we present formulae for chord length distribution in the framework of Poissonian Voronoi Tessellation (PVT) and non Poissonian Voronoi Tessellation (NPVT). The introduction of the scale parameter in the obtained distributions allows us to model the chord for cosmic voids. A graphical comparison between cosmic voids visible on two catalogs of galaxies, 2dFGRS and VIPERS, and theoretical random chords is reported.
Introduction
A first study on the random 3D fragmentation by [1] was done in the framework of Voronoi Diagrams. In the above paper the Kiang's conjecture was introduced: "The normalized probability density function for volumes in Poissonian Voronoi Tessellation follows a normalized gamma distribution with shape parameter c equal to six". A subsequent large-scale computer simulation on Poissonian Voronoi Tessellation (PVT), see [2] , fixed in c = 5 the shape parameter of the normalized gamma distribution, in the following Kiang's function The shape parameter c plays an important role in the determination of the probability density function (PDF) which model the Poissonian and non Poissonian Voronoi Tessellation (NPVT) chord, see [3, 4] . The 3D tessellation is built in the framework of the Euclidean distance conversely in astronomy the observable parameter is the redshift z. In cosmology a key target is to deduce the luminosity distance as a function of the redshift, see as an example [5] where different models were analyzed. The inverse problem, i.e., the redshift as function of the luminosity distance, is poorly known and this fact has stopped the application of the Voronoi Diagrams to cosmology. The enormous progresses in observational cosmology allows to model the radius of cosmic voids, see [6, 7] . A statistical analysis of these catalogs allows the determination of the shape parameter c of the Kiang's function. This paper explores in Section 2 the fundamentals of chord for spheres and reviews the existing knowledge for volumes in PVT and NPVT. In section 3 a PDF for chord in PVT and NPVT is investigated. The luminosity distance as function of the redshift in flat cosmology and the corresponding inverse function is derived in Section 4. Section 5 reports a comparison between real voids of galaxies and theoretical random cosmic chord.
The basic formulae
This Section reviews the basic formulae for chords of spheres and the distribution in volumes for PVT and NPVT.
The chord
The average length, < l >, of all chords of spheres having the same radius R
see more details in [3] .
Given a probability density function (PDF) for the diameter of the voids, F (x), where x indicates the diameter. The probability, G(x)dx, that a sphere having diameter between x and x + dx intersects a random line is proportional to their cross section
Given a line which intersects a sphere of diameter x, the probability that the distance from the center lies in the range r, r + dr is
and the chord length is
The probability that spheres in the range (x, x + dx) are intersected to produce chords with lengths in the range (l, l + dl) is
The probability of having a chord with length between (l, l + dl) is
This integral will be called fundamental and the previous demonstration follows [8, 3] .
Voronoi Diagrams
The Voronoi tessellation is the partition of space for a given seeds pattern and the result of the partition depends completely on the type of given pattern "random", Poisson-Voronoi tessellations (PVT), or "nonrandom", non Poisson-Voronoi tessellations (NPVT). The reduced volumes of Voronoi cells generated with random seeds can be fitted by the Kiang function
see [1] , which has variance
It has shown that good approximations for volume distributions of PVT cells can be obtained by setting c = 5 [2, 4] . The case of more regular partition of the space is produced by the Sobol seeds which produce a distribution in volumes with c ≈ 16. Conversely the introduction of seeds generated on a adjustable Cartesian grid (ACG) allows to cover the interval c ∈ (2 − 16) in a continuous way, see [4] . Figure 1 reports three cases of volumes for the Voronoi Diagrams from which is clear the transition from order to disorder as function of decreasing c.
The generalized chord
We start by approximating the reduced volumes of the Voronoi tessellation by a Kiang function, therefore the distribution in diameters, y, is
where is the gamma function. We insert in the fundamental Equation (6) for the chord length the generalized PDF for the diameters. The resulting integral is
where
is the upper incomplete gamma function, see [9, 10] . Figure 2 reports three cases of g(l; c) as function of c. We have approximated the volumes of the Voronoi diagrams by spheres and the length of the chord which touches only in one point the sphere is zero, conversely a chord which lies on a irregular face of the Voronoi's polyhedron has a finite length. In order to solve this inconvenient a shift should be introduced. A new variable z has been defined by a shift of l: z = l − a, so that g s (z; c, a) = g(z + a; c, a) ,
where a is the shift parameter and g s (z; c, a) is the shifted PDF for Voronoi's chord. Next, to obtain a reduced variable, average value equal one or an astrophysical variable, a scale change has been applied ,u = bz, resulting in scaled PDF for chords
As an example the PVT PDF for chords, c = 5, can be obtained inserting a = 0.4068 and b =1.9626 and is .
The above PDF in the interval u ∈ (0, 3.2) is normalized to one and has average value one. The distribution function (DF) of this PDF does not exists but the best minimax rational approximation of degree Figure 3 reports a comparison of the previous approximate DF, as a dashed line with the tabulated result as deduced from Table 5 .7.4 in [11] when the average value of both PDFs is one.
Flat cosmologies with cosmological constant
As eqn.(2.1) in [12] the luminosity distance dl is
where H 0 is the Hubble constant expressed in km s −1 Mpc −1 , c is the light velocity expressed in km s −1 , z is the redshift, a is the scale-factor and Ω M is
where G is the Newtonian gravitational constant and ρ 0 is the mass density at the present time. The above integral does not have an analytical simple formula but the Padé approximation of degree m, n about the point a=1 of the integrand allows to solve in an approximate way the integral. We report the Padé approximate integral of the luminosity distance d L,2,2 , in the case of m=2 and n=2 when H 0 = 100km s In the above complex analytical solution we have a real part denoted by ℜ and a negligible imaginary part. As an example the above real part is 23977.70565 when z = 4 and the imaginary part is 0.5546 10
The inverse function f
but eqn. (19) is not invertible for z. In order to have an inverse function we apply the best minimax rational approximation of degree (m, n) to eqn.(19) over the interval z ∈ (0, 4). In the case of m=2 and n=2 the minimax rational expression for the luminosity distance, d L,m,2,2 , is 
The inverse function exists and is
where 
In the framework of a numerical approximation for the inverse function
with x 1 ≈ x 2 , we introduce the percentage error, δ, of the inversion formula (23)
In our case when x 1 = 1200 M pc f (f −1 (1200 M pc)) = 1203.4 M pc which means δ = 0.027%.
This section processes two astronomical catalogs for cosmic voids, deduces PDF and DF for astrophysical chord, introduces the cosmic chord and randomly generates chords on two catalogs of galaxies.
The catalogs of voids
A first catalog of cosmic voids can be found in [6] where the effective radius of the voids has been derived. The main results, the averaged radius of the voids and the value of c for the reduced volumes of spheres, are R = 18.23h
we call it the non Poissonian case. A second catalog is that of radii larger than 10h-1Mpc up to redshift 0.12 h −1 M pc in (SDSS-DR7), see [7] . In this case the average radius and c are
we call it the nearly Poissonian case, being the Poissonian case c=5.
Astrophysical chords
An astrophysical version for the PDF of chords can be obtained inserting in eqn.14 the appropriate scale, b, and the shape parameters, c, see The PDF which models the chord for cosmic voids in the nearly Poissonian case is The two previous PDFs cannot be integrated and therefore the analytical DFs do not exist. We therefore first deduce two approximate PDFs trough the best minimax rational approximation of degree (5, 
where R is the unit rectangular variate. The non linear equation to be solved in the non Poissonian case is
The cosmic chord
In the previous subsection we derived a couple of non linear equations for the astrophysical chords, we now outline an algorithm for the cosmic environment. We generated n random chords in Mpc units solving one of the two non linear equations, (31) or (32). The random chords, denoted by l j , are
We assume the additivity of the luminosity distance, d L,j , and therefore
The conversion of the luminosity distance to the redshift is made trough formula (23)
A typical sequence is reported in Table 2 . A first interesting quantity to be evaluated is the number of chords, N , that cover a given interval in redshift, as an example (0,1), which is N = 188, non P oissonian case ; N = 271, nearly P oissonian case. Figure 4 reports the value reached in redshift for rising number of chords. 
The catalog of galaxies
A first catalog of galaxies is the two-degree Field Galaxy Redshift Survey, in the following 2dFGRS, see [13] , in the interval z ∈ (0.001, 0.1) : two strips of the 2dFGRS are shown in Figure 5 . A second catalog of galaxies is VIMOS Public Extragalactic Survey, in the following VIPERS, see [14] . We selected the W1 field when z ∈ (0.5,0.6), see Figure 6 .
Conclusions
Voronoi chords The PDF of the chord length distribution in PVT in the case d = 3, where d denotes the dimension, is reported as a numerical DF, see Table 5 .7.4 in [11] or as a numerical PDF see Figure 2 in [15] . Here we derived a general expression in the case d = 3 for chord length distribution in the case in which the Voronoi volumes are modeled by a Kiang function with variable shape parameter c. The generalized PDF is represented by eqn. (14) which covers the Poissonian case, c = 5, the ordered case c > 5 and the disordered case c < 5. Flat cosmology We derived an approximated relationship for the luminosity distance in spatially flat cosmology with pressureless matter and the cosmological constant as function of the redshift, see eqn.(22) and the inverse relationship, the redshift as function of the luminosity distance, see eqn.(23).
Astrophysical chord In order to find c, the shape parameter of the Kiang's function for volumes of cosmic voids, and b, the scale which fix the PDF for astrophysical chord, we processed two catalogs of cosmic voids, see Table  1 . The exact PDF for astrophysical chord was derived, see eqns. (29) and (30). An approximated DF for astrophysical chord was deduced in the framework of the best minimax rational approximation, see eqns.
(31) and (32). Two non linear equations, (34) and (33), allow the generation of random astrophysical chords. The inverse formula (23) allows the superposition of random astrophysical chords on two catalog of galaxies, see Figure 5 for 2dFGRS and Figure 6 for VIPERS. Fig. 5 . Cone-diagram of the galaxies in the 2dFGRS with z ∈ (0,0.1). This plot contains 10234 galaxies (blue color). Two sequence of chords in the non Poissonian case are reported, the first chord is red (full line), the second chord is green (dotted line). Fig. 6 . W1 field of VIPERS with z ∈ (0.5,0.6). This plot contains 4716 galaxies (blue color). Two sequence of chords in the nearly Poissonian case are reported, the first chord is red (full line), the second chord is green (dotted line) .
